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Clear elements and clear rings
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Throughout the paper we suppose R is an associative ring with non-
zero unit and U(R) its group of units. The vector space of matrices
over the ring R of size k x [ is denoted by R¥*! and group of units of
the ring R"*™ by GL,(R). A ring R is called an elementary divisor
ring [1] if for an arbitrary matrix A of order n x m over R there exist
invertible matrices P € GL,(R) and Q € GL,,(R) such that PAQ
is a diagonal matrix (d;;) for which d;; is a total divisor d; 41,41 (i-e.
Rdi+1,i+1R € di; RN Rd;;) for each 4. An element a of ring R is clear
if a = r 4+« where r is unit-regular element and u € U(R). The ring R
is clear if every its element is such.

Theorem 1. Let R be a commutative elementary divisor ring and A
is a full nonsingular matriz of R?>*2. Then exist invertible matrices
P,Q € GL3(R) such that PAQ is nontrivial clear element of R**2.

Theorem 2. Let R be a commutative elementary divisor ring. Then
every full nonsingular matriz A € R**? is nontrivial clear.

Theorem 3. Let R be a semi-simple commutative Bézout domain. The
next statements are equivalent:

1. R is an elementary divisor ring;

2. any full nonsingular matriz of R**? is nontrivial clear.

Theorem 4. Let R be a commutative Bezout domain. Ring R**? is a
clear if and only if R2*2 is 2-good ring.
Some open questions.
1. Is the commutative clear ring a ring of unit-regular stable range 17
2. Is the notion of a ring of unit-regular stable range 1 a left-right
symmetric?
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