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The necessary and su�cient conditions under which a quasieuclidean ring admits
the diagonal reduction by elementary transformations are found.

�« á¨ç­¥ ¯¨â ­­ï ¯à® §¢¥¤¥­­ï ¬ âà¨æì ¤® ¤÷ £®­ «ì­®£® ¢¨£«ï¤ã ¥«¥¬¥­-
â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨ ã ­ ©¡÷«ìè § £ «ì­÷© ä®à¬÷ à®§£«ï­ã¢ �.�. � ¡ ¢áì-
ª¨©. �÷­ ¤®á«÷¤¦ã¢ ¢ ª÷«ìæï, ­ ¤ ïª¨¬¨ ª®¦­  ¯àï¬®ªãâ­  ¬ âà¨æï §  ¤®¯®-
¬®£®î áª÷­ç¥­­®£® ç¨á«  ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì §¢®¤¨âìáï ¤® ª ­®­÷ç­®£®
¤÷ £®­ «ì­®£® ¢¨£«ï¤ã ÷ ­¨¬ ¦¥ ¢ [1] ¡ã«  ¯®áâ ¢«¥­  § ¤ ç  ¯®¢­®£® ®¯¨á ­­ï
â ª¨å ª÷«¥æì. � ª÷ ª÷«ìæï ­ «¥¦ âì ¤® ª« áã ª¢ §÷¥¢ª«÷¤®¢¨å ª÷«¥æì, ïª÷ à ­÷-
è¥ ¢¨¢ç «¨áì ¢ [2]. � ¤ ­÷© à®¡®â÷ §­ ©¤¥­® ­¥®¡å÷¤­÷ ÷ ¤®áâ â­÷ ã¬®¢¨, ¯à¨
ïª¨å ª« á ª¢ §÷¥¢ª«÷¤®¢¨å ª÷«¥æì à÷¢­¨© ª« áã ª÷«¥æì, ­ ¤ ïª¨¬ ª®¦­  ¯àï-
¬®ªãâ­  ¬ âà¨æï §  ¤®¯®¬®£®î áª÷­ç¥­­®£® ç¨á«  ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì
§¢®¤¨âìáï ¤® ª ­®­÷ç­®£® ¤÷ £®­ «ì­®£® ¢¨£«ï¤ã.

�i¤ ªi«ìæ¥¬ ¡ã¤¥¬® à®§ã¬iâ¨ ª®¬ãâ â¨¢­¥ ªi«ìæ¥ § ¢÷¤¬÷­­®î ¢÷¤ ­ã«ï ®¤¨-
­¨æ¥î. �¥à¥§ U(R) ¯®§­ ç¨¬® £àã¯ã ®¤¨­¨æì ªi«ìæï R,   ç¥à¥§ Mn(R) |
¬­®¦¨­ã ª¢ ¤à â­¨å ¬ âà¨æì ¯®àï¤ªã n. �­®¦¨­ã ¬ ªá¨¬ «ì­¨å i¤¥ «i¢,
ïª÷ ¬iáâïâì ¥«¥¬¥­â a, ¯®§­ ç¨¬® mspec(a).

�÷«ìæ¥ R ­ §¨¢ õâìáï ­ ¯÷¢«®ª «ì­¨¬, ïªé® ¢®­® õ ªi«ìæ¥¬ i§ áªi­ç¥­­®î
ªi«ìªiáâî ¬ ªá¨¬ «ì­¨å i¤¥ «i¢. �i¤§­ ç¨¬®, é® â¥à¬i­ ­ ¯i¢«®ª «ì­iáâì ­¥
i¬¯«iªãõ « ­æî£®¢i ã¬®¢¨.

�i¤ ª¢ §i- «£®à¨â¬®¬ [2], § ¤ ­¨¬ ­  ªi«ìæi R, à®§ã¬iõ¬® â ªã äã­ªæiî
φ:R × R → W (W | ¤¥ïª¨© ®à¤¨­ «), ¤¥ ¤«ï ¤®¢i«ì­¨å a, b ∈ R (b ̸= 0)
iá­ãîâì â ªi q, r ∈ R, é® a = bq + r i φ(b, r) < φ(a, b).

�i«ìæ¥ R ­ §¨¢ îâì ª¢ §i¥¢ª«i¤®¢¨¬ [2], ïªé® iá­ãõ ¤¥ïª¨© ®à¤¨­ « W i
ª¢ §i- «£®à¨â¬ R × R → W . �à¨ª« ¤ ¬¨ ª¢ §÷¥¢ª«÷¤®¢¨å ª÷«¥æì õ ¥¢ª«÷¤®¢÷
ª÷«ìæï, ª÷«ìæï ­®à¬ã¢ ­­ï, à¥£ã«ïà­÷ ª÷«ìæï.

�®§­ ç¨¬® ç¥à¥§ diag(a1, a2, . . . , an) ¬ âà¨æî § ¥«¥¬¥­â ¬¨ a1, a2, . . . , an ¯®
£®«®¢­i© ¤i £®­ «i i ­ã«ï¬¨ ¢ i­è¨å ¬iáæïå. � âà¨æi A i B § ¥«¥¬¥­â ¬¨ ªi«ì-
æï R õ ¥ª¢i¢ «¥­â­¨¬¨, ïªé® iá­ãîâì â ªi §¢®à®â­i ­ ¤ R ¬ âà¨æi P1, . . . , Pk,
Q1, . . . , Qs, é® P1 · . . . · Pk · A · Q1 · . . . · Qs = B. �ªé® ¬ âà¨æï A ¥ª¢i¢ «¥­â-
­  ª ­®­÷ç­÷© ¤i £®­ «ì­i© ¬ âà¨æi diag(ε1, ε2, . . . , εr, 0, . . . , 0), ¤¥ εiR ∩ Rεi ⊇
Rεi+1R, i = 1, 2, . . . , r − 1, â® £®¢®àïâì, é® ¬ âà¨æï A ¢®«®¤÷õ ¤i £®­ «ì­®î
à¥¤ãªæiõî.
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�ªé® ¦ ­ ¤ ªi«ìæ¥¬ R ¤®¢÷«ì­  ¬ âà¨æï ¢®«®¤iõ ¤i £®­ «ì­®î à¥¤ãªæiõî,
â® ªi«ìæ¥ R ­ §¨¢ îâì ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢ [3].

�i«ìæ¥ R ­ §¨¢ õâìáï ¯à ¢¨¬ ªi«ìæ¥¬ �à¬iâ , ïªé® ¤«ï ¤®¢i«ì­¨å ¥«¥¬¥­-
âi¢ a, b ∈ R iá­ãîâì c ∈ R i §¢®à®â­ï ¬ âà¨æï P ∈ M2(R) â ªi, é® (a, b)P =
(c, 0). �­ «®£iç­® ¬®¦­  ®§­ ç¨â¨ «i¢¥ ªi«ìæ¥ �à¬iâ . � ª®¬ãâ â¨¢­®¬ã ¢¨-
¯ ¤ªã æi ª« á¨ ªi«¥æì á¯i¢¯ ¤ îâì [3].

�à¨â¥ài© ¥à¬iâ®¢®áâi (¤¨¢. [4, â¥®à. 3]). �®¬ãâ â¨¢­¥ ªi«ìæ¥ R õ ªi«ìæ¥¬
�à¬iâ  â®¤i i âi«ìª¨ â®¤i, ª®«¨ ¤«ï ¤®¢i«ì­¨å a, b ∈ R iá­ãîâì â ªi a0, b0, d ∈ R,
é® a = a0d, b = b0d i (a0, b0) = 1.

� [2] ¤®¢¥¤¥­®, é® ª®¦­¥ ª¢ §÷¥¢ª«÷¤®¢¥ ª÷«ìæ¥ õ ª÷«ìæ¥¬ �à¬÷â . �¨ª®à¨-
áâ õ¬® æ¥© ä ªâ ¤«ï ¤®¢¥¤¥­­ï ­ áâã¯­¨å à¥§ã«ìâ â÷¢

�¢¥à¤¦¥­­ï 1. �¢ §i¥¢«i¤®¢¥ ªi«ìæ¥ R õ ªi«ìæ¥¬, ­ ¤ ïª¨¬ ¤®¢i«ì­  ¬ â-
à¨æï §¢®¤¨âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥-
â¢®à¥­­ï¬¨, â®¤i i âi«ìª¨ â®¤i, ª®«¨ ¤® æì®£® ¢¨£«ï¤ã §¢®¤¨âìáï ª®¦­ 

¬ âà¨æï
( a 0

b c

)
§ aR+ bR+ cR = R.

�®¢¥¤¥­­ï. �¥®¡åi¤­iáâì ®ç¥¢¨¤­ .
�«ï ¤®¢¥¤¥­­ï ¤®áâ â­®áâi à®§£«ï­¥¬® ¢¨¯ ¤®ª, ª®«¨ aR+ bR+ cR = dR, ¤¥

d /∈ U(R). �ªé® a ∈ U(R), â®(
a−1 0
0 1

)(
a 0
b c

)
=

(
1 0
b c

)
.

�áâ ­­ï ¬ âà¨æï §  ¤®¯®¬®£®î ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì «¥£ª® §¢®¤¨âìáï ¤®
ª ­®­iç­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã.

�®¬ã ­¥å © § â®ç­iáâî ¤® ¯®§­ ç¥­ì a /∈ U(R). �áªi«ìª¨ R | ªi«ìæ¥ �à¬iâ 
[2], â® ¢ á¨«ã ªà¨â¥à÷î ¥à¬÷â®¢®áâ÷ iá­ãîâì a1, b1, c1 ∈ R â ªi, é® a = da1,
b = db1, c = dc1 i a1R+ b1R+ c1R = R.

� ¯¨è¥¬®: (
a 0
b c

)
=

(
d 0
0 d

)(
a1 0
b1 c1

)
.

�£i¤­® ¯à¨¯ãé¥­ì ¬ âà¨æï
( a1 0

b1 c1

)
§¢®¤¨âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì­®£®

¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨,   ®áª÷«ìª¨ diag(d, d) ­ «¥¦¨âì æ¥­âàã

M2(R), â® ®ç¥¢¨¤­®, é® i ¬ âà¨æï
( a 0

b c

)
§¢®¤¨âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì-

­®£® ¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨.
I­¤ãªæiï §  à®§¬ià ¬¨ ¬ âà¨æì § ¢¥àèãõ ¤®¢¥¤¥­­ï. □
�à¨ ¤®¢¥¤¥­­i ­ áâã¯­®ù â¥®à¥¬¨ ¬¨ ¢¨ª®à¨áâ õ¬® ¬¥â®¤, ïª¨© ¡ã¢ ¢¨ª« -

¤¥­¨© ¢ ¯à æ÷ [5].

�¥®à¥¬ . �¥å © R | ª¢ §i¥¢ª«i¤®¢¥ ªi«ìæ¥, ¢ ïª®¬ã ¤®¢i«ì­¨© ­¥®¡®à®â­i©
¥«¥¬¥­â ¬iáâ¨âìáï ¢ ­¥ ¡i«ìè¥ ­i¦ §«iç¥­­i© ¬­®¦¨­i ¬ ªá¨¬ «ì­¨å i¤¥-
 «i¢. �®¤i ¤®¢i«ì­  ¬ âà¨æï ­ ¤ R §¢®¤¨âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì­®£®
¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨.

�®¢¥¤¥­­ï. � á¨«ã â¢¥à¤¦¥­­ï 1 ¤«ï ¤®¢¥¤¥­­ï â¥®à¥¬¨ ¤®áâ â­ì® ®¡¬¥¦¨â¨-
áï ¬ âà¨æï¬¨ ¢¨£«ï¤ã A =

( a 0

b c

)
, ¤¥ aR+ bR+ cR = R.

�ªé® a ∈ U(R), â®, ïª ¢¦¥ ¡ã«® ¯®ª § ­®, ¬ âà¨æï A §¢®¤¨âìáï ¤® ª -
­®­iç­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨. �®¬ã ­¥å ©
a /∈ U(R), â®¡â® ¬­®¦¨­  ¬ ªá¨¬ «ì­¨å i¤¥ «i¢, ïªi ¬iáâïâì a, ­¥¯®à®¦­ï
(mspec(a) ̸= ∅). �¥å © a ∈

∩∞
i=1Mi. �®¤i b /∈ M1 (ïªé® ¡ b ∈ M1, â®
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(b + c) /∈ M1, ®áª÷«ìª¨ aR + bR + cR = R i ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨
áâ®¢¯æi¢ ¥«¥¬¥­â b ¬®¦­  § ¬i­¨â¨ ­  (b+ c)).

�áªi«ìª¨ R | ªi«ìæ¥ �à¬iâ , â® iá­ãîâì â ªi ¥«¥¬¥­â à­i ¯¥à¥â¢®à¥­­ï,
 , ®â¦¥, â ª  §¢®à®â­ï ¬ âà¨æï P1 (ïª  õ áªi­ç¥­¨¬ ¤®¡ãâª®¬ ¥«¥¬¥­â à­¨å

¬ âà¨æì), é® P1A =
( a1 b1
0 c1

)
, ¤¥ aR+ bR = a1R.

�ªé® a1 ∈ U(R), â®,  ­ «®£÷ç­® ïª ¢¦¥ ¡ã«® à®§£«ï­¥­® ¢¨é¥, ¬ âà¨æï P1A
§¢¥¤¥âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­-
­ï¬¨. �®¬ã ­¥å © a1 /∈ U(R) i § â®ç­iáâî ¤® ¯®§­ ç¥­ì ¡ã¤¥¬® ¢¢ ¦ â¨, é®
a1 ∈ M2. �®¤i b1 /∈ M2 ( ¡® (b1 + c1) /∈ M2, ®áªi«ìª¨ a1R + b1R + c1R = R)
i iá­ãõ â ª  §¢®à®â­ï ¬ âà¨æï Q1, ïª  õ áªi­ç¥­­¨¬ ¤®¡ãâª®¬ ¥«¥¬¥­â à­¨å

¬ âà¨æì, é® P1AQ1 =
( a2 0

b2 c2

)
, ¤¥ a1R+ b1R = a2R.

�à®¤®¢¦ãîç¨ ¤ ­¨© ¯à®æ¥á ¤ «÷, ¬¨ ®âà¨¬ õ¬® áãªã¯­iáâì ¬ âà¨æì ¢¨£«ï¤ã

PkAQk =
( ai 0

bi ci

)
, ïª¨¬ ¢i¤¯®¢i¤ õ ­ áâã¯­¨© « ­æî£ i¤¥ «i¢

aR ⊂ a1R ⊂ a2R ⊂ . . . ⊂ aiR ⊂ . . . , (1)

¤¥ ai /∈ Mi.
�®§­ ç¨¬® I =

∪
i aiR. �ªé® I ̸= R, â® iá­ãõ ¬ ªá¨¬ «ì­¨© i¤¥ « M â ª¨©,

é® I ⊂ M. �áªi«ìª¨ aR ⊂ I, â® M = Ms, ¤¥ Ms ∈ mspec(a), é® ­¥¬®¦«¨¢®,
®áª÷«ìª¨ iá­ãõ i¤¥ « asR § « ­æî£  (1) â ª¨©, é® as /∈ Ms. �®¬ã I = R,
â®¡â® « ­æî£ (1) áªi­ç¥­­¨©,  , ®â¦¥, iá­ãîâì â ªi §¢®à®â­i ¬ âà¨æi Pn, Qn

(ïªi õ áªi­ç¥­­¨¬¨ ¤®¡ãâª ¬¨ ¥«¥¬¥­â à­¨å ¬ âà¨æì), é® PnAQn õ ª ­®­iç­®î
¤i £®­ «ì­®î ¬ âà¨æ¥î. □
� á«i¤®ª 1. � ¯i¢«®ª «ì­¥ ª¢ §i¥¢ª«i¤®¢¥ ªi«ìæ¥ õ ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å
¤i«ì­¨ªi¢, ¯à¨ç®¬ã ¤®¢i«ì­  ¬ âà¨æï ­ ¤ æ¨¬ ªi«ìæ¥¬ §¢®¤¨âìáï ¤® ª ­®­iç-
­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã ¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨.

� á«i¤®ª 2. �¢ §i¥¢ª«i¤®¢¥ ªi«ìæ¥, ¢ ïª®¬ã ¬­®¦¨­  ¬ ªá¨¬ «ì­¨å i¤¥ «i¢
õ ­¥ ¡i«ìè , ­i¦ §«iç¥­­ , õ ªi«ìæ¥¬ ¥«¥¬¥­â à­¨å ¤i«ì­¨ªi¢, ¯à¨ç®¬ã ¤®¢i«ì-
­  ¬ âà¨æï ­ ¤ æ¨¬ ªi«ìæ¥¬ §¢®¤¨âìáï ¤® ª ­®­iç­®£® ¤i £®­ «ì­®£® ¢¨£«ï¤ã
¥«¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨.

�®¢¥¤¥­­ï æ¨å ­ á«i¤ªi¢ ®ç¥¢¨¤­¨¬ ç¨­®¬ ¢¨¯«¨¢ õ § ­ ¢¥¤¥­®ù â¥®à¥¬¨.
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